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SUPERCONFORMAL INDICES OF 
N = 4 SYM FIELD THEORIES 

V. P. SPIRIDONOV AND G. S. VARTANOV 

Abstract. Superconformal indices (SCIs) of Ad J\T = 4 SYM theories with 
f"*"^ ' simple gauge groups are described in terms of elliptic hypergeometric inte- 

£\] ■ grals. For F4, E§, E7, Eg gauge groups this yields first examples of integrals 

of such type. S-duality transformation for G2 and F4 SCIs is equivalent to a 
Q ' change of integration variables. Equality of SCIs for SP(2N) and SO(2N + 1) 

/^"N ' group theories is proved in several important special cases. Reduction of SCIs 

to partition functions of 3d J\f = 2 SYM theories with one matter field in 
^^\ ■ the adjoint representation is investigated, corresponding 3d dual partners are 

found, and some new related hyperbolic beta integrals are conjectured. 
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1. Introduction 



The problem of electric-magnetic duality for non-abelian gauge theories was 
J> ■ raised by Goddard, Nyuts, and Olive [T] (see also [2]). Its consideration in the 

\& [ context of J\f = 4 supersymmetric Yang-Mills (SYM) theory in four dimensional 

space-time is a quite old area of research [3J. This duality (called also S-duality) 
states the equivalence of the theory with an "electric" gauge group G c to a similar 
theory with a "magnetic" gauge group G y . Let G c be a simply laced Lie group. 
This means that its Dynkin diagram contains only simple links, and therefore all 
roots of the corresponding Lie algebra have the same length, which is true for 
SU{N),SO(2N),E 6 ,E 7 , and E s groups. Then, G y c = G c and the S-duality trans- 
formation maps the complex coupling constant r = 9/2ir + Att'i/ g 2 to — 1/r. Taken 
together with the symmetry transformation r — > r + 1, the S'-duality becomes 

S^ ■ equivalent to the SL(2,Z)-group of modular transformations 

$_^ ■ 

t — > ;, ad — be = 1, a, b,c,d e Z. (1) 

ct + d 

For the non-simply laced gauge groups, the S'-duality acts as t — > — 1/mr, where 
to is the ratio of the lengths-squared of long and short roots of the corresponding 
root system. One has to = 2 for SO(2N + 1) and SP(2N) group theories dual 
to each other pQ. For F4 and G2 groups one has to = 2 and to = 3, respectively; 
corresponding theories were discussed in [3] from the algebraic point of view and 
the S-duality transformation of their moduli spaces was described. 

Here we discuss a new test of J\f = 4 SYM field theory dualities based on 
the superconformal indices (SCIs) suggested by Kinney et al in [S] (for the def- 
inition of indices in Af = 1 theories, see [5]). J\f — 4 SYM theory has the 
PSU(2, 2|4) space-time symmetry group generated by J a , J Q , a = 1,2, 3, represent- 
ing SU(2) subgroups (Lorentz rotations), Pfi,Qi !a ,Qia (supertranslations) with 
fj, = 0,1,2,3, i — 1,2,3,4 and a, a = 1,2, K^, Si )a >Si,a (special superconformal 

1 
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transformations), and H (dilations) whose state eigenvalues are given by confor- 
mal dimensions 7 J. As to the SU(A)r i?-symmetry subgroup, we mention only 
its commuting maximal torus generators i?i,i?2,^3- For a distinguished pair of 
supercharges, say, Q := Qi,i and Q^ := Si.i, in appropriate normalization one has 

{Q,Ql} = H-2J 3 -2j2(l-^\R k =:A. (2) 

fc=i ^ ' 

In this case SCI is defined as the following gauge-invariant trace 

I(t,y,v,w) = Tr ^-lft^ H+J ^y 2 ^v B -w Rs e' 0A ) , (3) 

where T is the fermion number operator and t,y,v,w,g a ,f3 are group parameters 
(chemical potentials) . The trace is effectively taken over the space of zero modes 
of the operator A (the space of BPS states [9]), because relation @ is preserved 
by operators used in ([3]); the contributions from other states cancel together with 
the dependence on j3. In comparison to Af = 1,2 theories, all fields of Af — 4 SYM 
theory lie in the adjoint representation of G c , i.e. only the adjoint representation 
characters enter SCIs. 

The [/(iV)-gauge group SCI has the following matrix integral form [5] 

I(t,y,v,w) = / [dU] exp(]T -f(t m ,y m ,v m ,w m )Tr(W) m TrU m ), (4) 

where [dU] is the invariant measure and f(t, y, v, w)Ti WTt U is the so-called single- 
particle states index with 

„, . t 2 (v + l/w + w/v) -t 3 (y + l/y) -t 4 (w + 1/v + v/w) + 2t 6 

1{t ^ w) = d-^Ki-* 3 /!/) ■ 

As shown in [5] (see there the discussion following formula (5.33)), this expression 
can be obtained from the superconformal group character or partition function for 
Af = 4 theories by imposing the shortening condition for the multiplets. 

The SCI technique has found many applications in supersymmetric field theories. 
Romelsberger conjectured [B] that SCIs of the Seiberg dual Af — 1 SYM theories 
coincide. Dolan and Osborn explicitly confirmed this conjecture for a number of ex- 
amples [TU]. It appeared that SCIs are expressed in terms of elliptic hypergeometric 
integrals whose theory was developed earlier in [11] [12] (see also [13] for a general 
survey). Equality of indices in dual theories happened to be equivalent either to 
exact computability of elliptic beta integrals discovered in [11] or to nontrivial Weyl 
group symmetry transformations for higher order elliptic hypergeometric functions 
[T2l [T4] . In a series of papers [T5] [TB] we applied this technique to analyzing all 
previously found Seiberg dualities. We suggested also many new such dualities on 
the basis of known identities for elliptic hypergeometric integrals and showed that 
known nontrivial duality checks are satisfied for them. As a payback to mathemat- 
ics, it happened that many old dualities lead to new, still unproven highly nontrivial 
relations for integrals. 

This line of thoughts was further developed in beautiful papers by Gadde et 
al [TTJ [18] . In [19] , a particular one dimensional elliptic hypergeometric integral 
was shown to have W(Fn) Weyl group of symmetry, which follows from the elliptic 
beta integral evaluation formula 11 . It was used in |17) for confirming S'-duality 
for Af = 2 SYM theory with SU{2) gauge group and four hypermultiplets and for 
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ensuring associativity of the operator algebra of 2d topological field theories behind 
that duality. The SCI for a Ee SCFT theory was constructed in p~8] from the index 
of Af = 2 SYM theory with G c = SU(3) and six hypermultiplets and a new test of 
the Argyres-Seiberg duality was suggested. 

Here we construct Af = 4 SCIs for all simple gauge groups, show their ^-duality 
invariance for Gi and -F4 cases, and give new mathematical arguments supporting 
equality of SCIs for SP{2N) and SO(2N+l) theories conjectured in [17 . All Af = 4 
indices degenerate in a specific limit to orthogonality measures for the Macdonald 
polynomials and admit thus exact evaluations. Another limit leads to computable 
3d partition functions described by the hyperbolic beta integrals. 

2. Duality of ,50(2^ + 1) and SP(2N) Af = 4 SYM theories 

SCIs for SP(2N) and S0(2N + 1) Af = 4 SYM theories were described in [17] 
and discussed briefly in the simplest case in [15] . Here we prove equality of these 
SCIs in several important limiting cases. 

In all Af = 4 theories the single-particle index is 
1 3 3 

(1 - p)(l - q ) {J2 Sk -PlJ2 s k 1 -P-Q + 2pq)xadj(z), (5) 

where Xadj( z ) is the character of the adjoint representation of the corresponding 
gauge group (see the Appendix). For convenience, we have denoted 

8\=tv, 82 = tw ' , 83 = t wv~ , p~t 3 y, q~t 3 y^ 1 . 

Using explicit expressions of the group invariant measures, SCIs can be written as 
particular elliptic hypergeometric integrals [13]. So, S*P(2iV)-electric theory index 
gets the following form 

Ie=Xn {J ± i ± i : 11 r , ±2 l ir-r-, (6) 

and for S0(2N + l)-magnetic theory one has 

T f i-r Y\l^{s k yf l yf l -p,q)^Y\l =1 T(s ky f 1 ]p,q) d Vj 
IM-XN II . ±1 ±1 r II . ±1 : TT~- — > {') 

JrN i< t <j<N r (y< »*;?>?) j=i T (yf 5P«?) 2m % 

where \sk\ < 1, k — 1,2, 3. For \sk\ > 1 the indices are defined as analytical continu- 
ations of the expressions (J6J and ([7]). Here T denotes the unit circle with positive ori- 
entation and we use conventions T(a,b;p, q) := T(a;p, q)T(b;p, q), T{az ±1 \p,q) := 
T(az;p, q)T(az^ 1 ;p, q), where 

T(z;p,q) = J] P . q , |p|, \q\ < 1, 

i,j=0 F H 

is the elliptic gamma function. The coefficient in front of the integrals is 



XN 



(p;p)%>(<i;q)£ 

k=l 



l{r N ( Sk ;p,q), 



2 N Nl 

with (a; q)oo = Hfc=o(^ ~ a Q k )- The constraint Jlfc=i s k — PQ pl avs the role of the 
balancing condition for integrals. 
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The 5-duality hypothesis leads thus to the conjecture Ie — Im, or 

/ A E (z,s)fl^=[ A M (y,s)f[^, (8) 

Jjn fj- 2mzj Jjn - fJ- 2-Kiyj 



3 = 1 



where the kernels Ae(z_, s) and A^/(y, s) are read from integrals (j6|) and ([7]). Denot- 
ing p{z_,y,s) = As(z,s)/Am(j/,s), we have verified that this function represents the 
so-called totally elliptic hypergeometric term (2UJ E3 ■ This is a rather rich math- 
ematical statement giving strong evidence on the validity of the stated equality of 
integrals. It means that all the functions 

(z) _ p(...qzi...,y,s) (v) _ p(z,...q yi ...,s) 
P{z,y,s) P(z,y,s) 

hi , = pU,y,... qSk ,.. r^...) 
p(z,y,s) 

are elliptic functions of all their arguments Zi,yi, s^, and q. For instance, 

hi(z,y,s;q;p) = Kf\. . .pzj . . . ,y,s;q;p) = h\ z '(z,. . .pyj .. . ,s;q;p) 
= h ( i z \z,y,...ps k ...p~ 1 si;q;p) = h\ z) (z,y, . . .ps t . . ,;pq;p), 

where k, I = 1, 2, 3. This test is passed by all known integral identities, though it is 
not sufficient for their validity. For further consequences of the total ellipticity and 
various technical details of such computations, see [l3 l \TE \ [20] . 

Now we list various special cases when the equality Ie = Im can be verified rig- 
orously. For low ranks of the gauge group, it follows from the change of integration 
variables associated with the affine transformation of the corresponding root sys- 
tem p~7] . The electric SCI is obtained from the magnetic one after the substitution 
y = z 2 for N = 1, and y\ = z\z 2 and y 2 = z\/ 'z 2 for N = 2. 

The limit Sfc — > 1. Suppose that one of the parameters, say, si goes to 1. 
Then elliptic gamma functions of the integrand denominators are cancelled and 
no singularities appear on the integration contour. Because now S2S3 = pq, and 
T(a,b;p,q) = 1 for ab = pq, the integrands are actually equal to 1. However, the 
factor xn is divergent in this limit. As a result, we have lim Sl _j.i Ie / Im = 1- 

Reduction p = q = 0. Consider the limit p — > 0. For fixed z, the limit p — >• 
and further limit q — > simplifies the elliptic gamma function to 

r(z;p,g) = 



p^o (z;g)oo g^o 1 - z 

Because of the balancing condition for integrals, all parameters cannot be kept 
fixed. The simplest possibility consists in fixing s\^ 2 and setting S3 = pq/sxS 2 . 
Then integral ^ reduces to 

T p=o ( r. ,x (q',q)oo ( s i s 2' : q)oo fn \ 

I E { Sl ,s 2 fixed) = (9) 



2"JV! (8i,82',q)S, 

(zf 1 zf 1 ,sis 2 zf 1 zf i ;q) QO SL (zf A , s 1 s 2 zf I - 1 q) OQ dz 






V 

l TN i<»<t<JV {sizf l zf l ,s 2 zf l zf l -q) 00 ^ {s 1 zf z 1 s 2 zf z -q) 00 2itizj 
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where (a, 6;q)oc := (a; q)oa{b; q)oo- Integral reduces to 

/ M ( Jl>aa fixed) = 2Nm {8it82 . q) „ (10) 

.±1 .±1 „ „ „.±1 ±1 \ N /„.±1 „ „ ..±1 



rr (j/i 2/j ^fifgyj j/j ; g)oo -pr (g/j- ,_siS2Vj ;g)oo rf^ 



For g = the integrands have only a finite number of poles and the integrals can 
be evaluated by computing the residues. However, we did not find a simple way 
of performing these computations for arbitrary N and have verified equality of the 
resulting p = q = SCIs only for N = 3. 

One can tie the limit p, q — > to a very natural choice of the fugacities v, w in 
([3| equal to 1. After fixing S& = {pqY^.k — 1,2,3, the limit p, q — > strongly 
simplifies the integrals (set q = S\ = s 2 = in ([9]) and l(TUj) ). Then the SCIs 
can be evaluated exactly using two different special cases of the Selberg integral, 
description of which we skip for brevity, yielding Jg = Im = 1- 

Ap=0,i;->1 limit. Let us set in ©, (fTU|) s x = gr Q , s 2 = q 13 and consider the 
limit q — > 1 for fixed a and /3. Known asymptotic formulas 

ii m 7^ — ^ = ( 1 - z ) » hm ; „ x (i - g) =r(x), 

where T(x) is the Euler gamma function, show that both integrands become equal 
to 1 and the leading asymptotics for SCIs is determined by the integral prefactors 

p bm « (* = *,* = *) = 2m\ {i- q )T{«+p) ) (1+o(1)) - 

A p = 0, S2 = limit. Let us set now in ([9]) s 2 = 0, which yields 

T p=s 2 =0 1 (gig)^, /" TT (VjVjjQoo A (^ ±2 ;g)oo rfZj 

This integral can be evaluated exactly using the multivariable extension of the 
Askey- Wilson integral (or particular q-Selberg integral serving as the orthogonality 
measure for Koornwinder polynomials) found in |22] 

1 f yr {z^zf-q)^ " {zf-q)^ dz 3 

n( {t; g)oo {b N+J - 2 aia 2 a?,aA] g)oo rr 1 \ , „, 

=i \ (^;g)oofeg)oo rJ-i^^aia^J' [ ] 

where |6|, \a%\ < 1. This formula reduces to our case after the substitutions 

b = si, ai,2 = ±V^ii a 3,4 = ±Vffii. 
The same limit applied to (fTOj) leads to the integral 



TP=S2 =o i (g;g)£ /■ tt (^ 1 ^ 1 ;g)°° fr ( z f^)- ^ n ^ 

SO(2Af+1) 2^iV! ( Sl ;g)£ i TN ^U^ (siZ ±i z ±i . q)oo \1 {siZ f ]q)oo 2™/ ^ 
which is obtained from (fT2"j) after setting 

6=si, oi = Si, 02 = — 1, a 3>4 = ±y^. 
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Corresponding computations on the right-hand side of (fT0|) yield 

JV-l , 2j + l v 

t p=s 2 =o T p=s 2 =o rr {Q s i ,q)oa / lzt \ 

1 SP(2N) ~ 1 SO(2N+l) ' 11 /2j+2. „\ " V ^ 

Equality of indices established earlier in the limit Sk = (pq)* — > 0, k = 1, 2, 3, is a 
special case of relation (fl4|) obtained after fixing si = g = 0. 

The integrals in (|14[) were computed under the assumption that |si| < 1, but for 
finite N we can analytically continue SCIs to arbitrary values of Si as meromorphic 
functions using the right-hand side expression. For |si| < 1, the limit N — > oo 
yields a ratio of double infinite products appearing in the elliptic gamma function 
with p = s 2 . From the physical point of view this limit is relevant for testing 
the AdS/CFT correspondence. In [23], it was suggested to consider the maximal 
angular momentum limit for indices t — > 0, y — > oo with t 3 y fixed, which corresponds 
to q — > with fixed p. Due to the symmetry between p and q this is similar to our 
limit p = S2 = 0, but we have the additional free parameter s± absent in |23j . 

The hyperbolic limit. Let us study the hyperbolic limit f24j [25] of elliptic 
hypergeometric integrals ([6]) and (|7[l. First we parametrize the variables as 

p = e 2 ™ Ul , q = e 2 ™ u \ Sl = e 2 ™ a \ %= 1,2,3, 

where 5Zi=i a i = ^i +^2 (the balancing condition), and then take the limit v — > 0. 
To simplify the integrals we use the Ruijsenaars limit 

r(e 27ri ";e 27ri ™ 1 ,e 27ri ™ 2 ) = e^^-wi-^)/^™^ (2)/ . u U2 \ ( 15 ) 

where 

( e 2ir'\(u—ui2)/uii. —2ir\u}-2 / ui\ 

7 ( 2 )( M ; Wl , W2 ) = e -f^M^u^) ^ ''. . . j °° (16) 

is the hyperbolic gamma function and £2,2 (w;w) is the second order Bernoulli 
polynomial, 

U 2 U U Wi W 2 , 1 

W1W2 <*U W2 DW2 OOJi 2 

The following conventions are used below j( 2 \a, b;ui) := 7^ 2 ^(a;u;)7^ 2 ^(6; w) and 
7^ 2 )(a ± u;u) := j (2 \a + u; lu)j^ (a — u;w). 

We skip the general expressions for hyperbolic integrals arising in this limit and 
present only the result appearing after taking the additional limit U2 — ► 00 (which 
mimics altogether the previously considered limit p — 0, S2 = 0): 

r h,a a ->-oo f /" IO ° TT -f {2) (ai±Ui±Uj]Uj) yj 7 (2) (oi ± lUj j Up 

'spm =& I 11 7(2)7T— r— — s 11 ^(2)r+9«,-,.A dUj ' (17) 



— 10c 



7 ( 2 )(±u l ± % ; W ) 11 7 ( 2 )(±2u,; W ) 



l<i<j<N ' \ • J' / j 



r h, Q2 ^co , f^ tt 7 (2) ("i ±Uj±Uj;uj) jt 7( 2 Vi±u J ;o;) , 1H , 

J 50(2iV + l) = eJV / 11 -75J7T— T— TT 1 1 ^(2),+,,.,. ^ d ^ > ( 18 ) 



'- 100 i<i<j<JV J {2) (±u i ±u j ;uj) 1 = 1 7 ( 2 )(±u j; w) 

where £jv = 7^ 2 ^(ai;a;) Ar /A^!(2i v /wiW2) Ar and we dropped the common multiplier 
exp{y (af + 2aia2 — «i(wi +cj2))(2A f2 + iV)}. To obtain these expressions we used 
the inversion relation ^'(zjUJi + W2 — z;uj) — 1 and the asymptotic formulas 

lim e^ ^^^'^ ^ 2 \u\ u) = 1, for arg uj\ < arg u < arg w 2 + n, 

u— foo 

lim e _ ^ S2 ' 2( " ;w) 7 (2) (u;w) = 1, for arg u>i - tt < arg u < arg w 2 - (19) 
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The following hyperbolic analog of the Selberg integral was computed in [24] (for 
N = l, see [26]): 

1 f°° T-T J^(T±U i ±U k ;Lj) yr Utl'y {2 H^±U j ;Uj) d Uj 

2 N N\J_ i00i J < l^ N 1 ^){±u l ±u k ;u J ) 1 = 1 7 (2)(±2« i;W ) i^I^ 

_ A 7 (2) 0>;^) if ni<,< fc <4 7 (2) (jT + ^ + ^;^) 

1 = 1 7 (2)( T;W ) /i 7 < 2 H(2iV-2-i)T + £tiMi;uO' l j 

where the Mellin-Barnes integration contour separates sequences of integrand poles 
going to infinity. One can obtain integral (TT71) from (|20p after the substitutions 

1 1/ N 1/ n 1/ x 

r = ai, jUi = -ai, a*2 = r(. a i + w i)> M3 = ^("i + w 2j, M4 = ^("i + w i + w 2), 

and integral (J18I) after the substitutions 

1 1 1. 

r = ai, jUi = ai, /x 2 = -wi, /^ 3 = -w 2 , M4 = ^(^i+^j 

and application of the duplication formula -y^ 2 ' (2z; w) = 7 ' 2 - 1 (z, z+u>i/2, z+u; 2 /2, z+ 
(lui + w 2 )/2;u;). Direct computations show that 

T h, a2 ^oo _ T h, a2 ->oc _ tt j {2) ((2j + 2)a 1 ;uj) 

1 sp(2N) - 1 so(2N+i) JUL 7 W((2j + l)ai + wi + U2;u)' { ' 



Relations ([14]) and (|2T|) provide the best available SCI justifications of the duality 
of N = 4 SYM field theories with SP(2N) and SO(2N + 1) gauge groups. 

Discuss now a physical interpretation of integrals (fTTj) . ([T8"]) and their exact 
evaluation ([21]). In 27 it was shown that the hyperbolic limit of 4d J\f = 1 SCIs 
leads to partitions functions of 3d J\f — 2 SYM and CS theories constructed in 
[28] [29] following [30] . Our hyperbolic integrals describe partition functions of 3d 
N = 2 SYM theories with SP{2N) and SO(2N + 1) gauge groups containing one 
chiral superfield in the adjoint representation with the [/(l)A-group hypercharge 
1. First, these 3d theories are dual to each other and, second, they share the 
same confining phase described by a Wess-Zumino type model with 2N chiral fields 
with the [/(l)A-hypercharges 2k, — 2k + 1, k = 1, . . .,N, and zero i?-charges, whose 
partition function is given by expression ([2~T]) . Taking ai = (wi + w 2 )/2 in ([T7]) and 
([T5|) one obtains partition functions for pure 3d N — 4 SYM theories. As follows 
from the exact evaluation (|21[) . these partition functions vanish indicating thus to 
the spontaneous supersymmetry breaking [31] . 

As to the hyperbolic integrals obtained from SCIs for arbitrary a\ and a 2 , they 
describe partition functions of 3d M = 2 SYM theories with 3 chiral supcrficlds 
in the adjoint representation. The constraint a± = (lo\ + w 2 )/2 leads to partition 
functions of 3d J\f = 4 SYM theories with one hypermultiplet in the adjoint repre- 
sentation. In these cases, 3d theories with SP(2N) and SO(2N + 1) gauge group 
are dual to each other in the same way as the parent 4d J\f = 4 models. A similar 
situation holds for all other cases considered below. 

3. G 2 GAUGE GROUP 

We consider now the S-duality conjecture for J\f = 4 SYM theory with the 
gauge group G 2 . This group has two maximal torus variables z\ and z 2 , but it is 
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convenient to introduce the third variable zz = z^ z 2 (see the Appendix). Then 
the electric SCI takes the form 

jT2 l<i<j<3 i( - Z * Z j >P> q > 3 = 1 Z7T1Z 3 

where \sk\ < 1, k = 1, 2, 3, and 

= 223 H { s k;p,q)- 

k=i 

In the magnetic theory one has 

T /* tt nLi r ( a fc(y<yj) ±3 . s fc(y»y J ~ 1 ) ±1 'P'g) rr <% ,9^ 

where 2/12/22/3 = 1 (we are indebted to S. Razamat for pointing to a misprint in our 
initial expression for this integral). 

The ^-duality hypothesis assumes the equality of these elliptic hypergeometric 
integrals, Ig = Im- Remarkably this identity can be easily established by the 
following change of the integration variables 

Vl = (z 2 Z 3 2 ) 1 /3, y2 = ( Z3Z 2)l/3 7 y3 = ( , lZ 2)l/3 ; 

associated with the rotation of the G 2 root system [4] . The SCI test confirms thus 
the ^-duality in this case. 

Application of the limit p — s 2 = reduces integral (f22j) to 

T p=s 2 =0 _ 1 (g;g)JL f TT (fj S ^g)"" TT fej / 94 n 

2^3 (si; ,) 2oo i T2i ^ 3 ( SlZ ±l,±l ; g^lljWLB/ l j 

where Z1Z2Z3 = 1. This integral admits exact evaluation |21) 

T p=S 2 =a _ (ggl^ggljgjoO / rl 



4. F 4 GAUGE GROUP 

Consider the S-duality for Af = 4 S YM theory with the gauge group ^4 ED H 13 H ■ 
The electric SCI has the following form 

r f tt nLiftffcfj^ 'zf 2 ;p,g) -A- nLi r ( s fc^ ±2 ;^g) 

v IlLi r(s fc z 1 ±1 z 2 ±1 z 3 ±1 ^ 1 ; p, g) -A- dzj- 
where |sfe| < 1, k = 1, 2, 3, and 

(p;p) 4 oofeg) 4 oo nr4^ s 

2^32 11 ( s fe;p,<?)- 

fc=i 

In the derivation of this expression we used the F4 group adjoint representation 
character which is obtained fron the expression given in the Appendix after the 
replacement Zj — > zf . 
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Using similar prescription for the magnetic theory, we find 

^ = «* / n r ,„±i ± i.j ^ — n 



t*i<£5<4 r{yf l yf x ;p,q) f = \ nyf;p,q) 

Ul^jsky^y^y^yt 1 ^^) A <% / 27 n 

r( y ± 1 y 2 ±1 2/3 ±1 2/4 ±1 ;P,9) /JSTriy/ l j 

These are the first examples of multiple elliptic hypergeometric integrals defined 
for the F4 root system (in []1|] the integrals were defined on the SU(2) group and 
the Weyl group W(Fi) was acting in the parameter space). 

The S'-duality conjecture suggests the transformation formula I& = Im- Again, 
as suggested to us by S. Razamat, this identity is easily established by the change 
of variables 

2/1 = Z1Z2, 2/2 = Z\/Z2, 2/3 = Z3Z4,, 2/4 = Z3/Z4, 

associated with the rotation of the F4 root system [3] . We see thus validity of the 
SCI test for this S'-duality. 

The limit p — S2 — reduces integral (|26|) to 



TP =s 2 =a_ 1 (q;q)L f rr (zf 2 zf 2 ; q) ^ * (zf,g)oo 
2*3* ( Sl ;g)i i T4 Ji^ {siZ ±2 z ±2. q)oo LL (siZ ± 2;q)oo 

/•_±1„±1„±1„±1._\ 4 J_. 

^z 1 z 2 z 3 z 4 ,q)oo T-r uz., 

X /. _±1 ±1 ±1 ±1 ,, 11 27T12- ' l J 

which admits exact evaluation [21j 

5. SU(N) AND SO(2N) GAUGE GROUPS 

Consider now SCIs for self-dual N = 4 SYM theories with SU(N) and SO(2iV) 
gauge groups [1]. The SU(N) theory SCI is 

T f H Ul^iSkZ^Zj^kZiZ]- 1 -^^) ^j. 1 da;- 

where Jl^i z i = 1j parameters Sfe satisfy the constraints |sfc| < 1, fe = 1,2, 3, and 

Xjv - ^ _[_[! (Sk,p,q)- 

fe=l 

The limit p = 0, S2 = reduces integral (|30l) to 

P=S2= _ 1 (g;*?)^ 1 /" TT fa" 3j,ZjZ~ ;g)oo -pj- rfzj 

^W - AT! ( Si;q) ^ Jm-r J^ N { Sl z^z 3l s lZlZ -\ q U ji ™*j' ( J 
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where Yij=i z j — 1j which admits exact evaluation [21] 



N-l 



T p=s 2 =0 _ TT (g£ljg)oo ( on\ 

1 SU{N) ~ 11 T j + 1. r A ■ ^ 6Z > 



For N — > co this index equals to (si; q)oo/{si', Si)ooj which coincides with the 
reduced form of N — > oo asymptotics (after passing from U(N) to SU(N) gauge 
group) found in [5] from the AdS/CFT correspondence. 
SCI for the SO(2N) theory has the form 

IsO(2N)=XN [[ w ± i ± i v 11t~^~' ( 33 ) 



where \sk\ < 1, k = 1,2, 3, and 



(p;p)Z(q;q) N '' 



/ OC 



n 1 ^^;^?)- 



XJV 2 JV ~ 1 i\n 

fc=l 

Note that for JV = 1 the SCI is equal to \i- 

Taking the ratio of integral kernel to itself with different integration variables in 
([3H| and (|3"3")l one gets totally elliptic hypergeometric terms. However, consequences 
of this statement are much less informative than in the cases with nontrivial sym- 
metry transformations for integrals. 

The limit p = 0, S2 = reduces ([33|) to the integral 

r p=s2=0 _ \ (g;g)££ f TT ( Z i Z j '^)°° TT <% fo A \ 

SO(2N) ~ 2^-W! (, l5g )£ V ^^ (sx^f ^ /i 2*i*,' (34) 

with exact evaluation [5T] 

/ tv_i v JV-2 , 2j + l x 

rP=S2 =o (gfi ;g)oo tt (g s i ;g)°° /okn 

Wo - {s N. q)oo n (s 2i +2;g)oo - W 

In the same way as for SP(2N) and SO(2N + 1) SYM theories, this case can be 
obtained from the q-Selberg integral (|12[) using special parameter values 



b = Si, a 1<2 = ±1, a 3i4 = i^/g. 

Consider now the hyperbolic degeneration of ([30]) and (|33|l joint with the a2 — >• oo 
limit similar to SP(2N) and SO{2N + 1) SCIs. For SU(N)-SC1 we obtain, after 
dropping the multiplier exp{^j(af + 2aia2 — cci((j->i + ui2))(N 2 — 1)}, 

Th<a ^oo_ 7 (a) («i;«) y - 1 r°° tt l!!MMM n^ ™ 
^W -jVKy^^A^/J^v 7 «(±(««-«i); W ) /i j ' ( j 

where X}i=i u j = 0- I n the analysis of convergency of this integral there are two 
extremal options when integration variables go to infinity: in the first case Uj = 
ii?, + Vj,j = 1,. . ., N — 1, and u N = —(N — l)iR — J2j=i v j> where R — > +oo, 
and the integrand behaves as exp(27r7V(iV — l)a.\R/w\W2)- I* 1 the second case, 
Mi = iR,^s(v,j) <C R,j = 2, . . . ,N — 1, and u^ = — ii? — S 7 =2 U J' R ~* +°°> ancl 
the integrand behaves as exp(27rA^aii?/wiw 2 )- In both cases, for $l(ai/u)iU)2) < 



(38) 
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the integrand is exponentially suppressed and has no singularities on the integration 
contour. 

To our knowledge integral (|3f))) cannot be obtained as a limit of known hyperbolic 
beta integrals. Formally it is related to the limit $^»=i Mi + (N — l)r — u)\ — 102 — » 
in formula (|20[) . which is not uniform. Therefore we have separately computed this 
integral for N — 2, 3 by showing that the sum of residues for poles on the left-hand 
side of the integration contours is proportional to the product of sums of residues 
of two trigonometric integrals ((32]) with bases q = e 27ri "iM an d q = e -21 "" 8 /" 1 , 
I q I < 1, which yields 

T h, a2 ^oo _ rr 7 (2) (Q' + l)ai;^) ,„„, 

SU{N) " jJi 7 (2) 0«i+^i+^;w)- l ' 

For AT = 4 this integral coincides with the S l O(6)-integral given below. Note that 
formula (I37|) defines a hyperbolic analogue of the orthogonality measure normal- 
ization for Macdonald polynomials on A^-i root system (|3"Tj) . (|32l) (for arbitrary 
N we consider it as a conjecture). 

The hyperbolic limit for SCI of SO(2AT)-theory (N > 1) yields, after dropping 
the multiplier exp{^i(a 2 + 2aia 2 - ai(wi +w 2 ))(2iV 2 - N)}, 

r h,a 2 -foo t r°° tt 7 (2 Vi± M »±"j;^) TT j 

I SO(2N) =^ 11 -y(2)(± u .± u - w ) 11 ^ 

This integral is obtained from ([20]) after the substitutions 

1 1 1, 

t = ai, //1 = 0, ^ 2 = ■xUi, M3 = 2^2, M4 = r ( w i + ^2), 

which leads to the evaluation 

T h,a^oo = 7 (2) (^i;^) n 2 7 (2) (2(j + l)«i^) 

so(2iV) 7 (2)((jv-i)ai+wi+w 2 ;w) Al 7 ( 2 )((2j + l)ai+wi + W2;w)" l 

Again, one can see that expressions (|36[) and (J3TJ) , (|38|) and ff39|) describe partition 
functions of 3d A/" = 2 SYM theories with one chiral matter superheld in the adjoint 
representation of the respective SU(N) and SO(2N) gauge groups and their dual 
confining partners. Substitution ot\ = (wi + cj2)/2 in these expressions leads to 
vanishing partition functions of 3d N — 4 pure SYM theories. 

6. Exceptional gauge groups E 6 ,Er, and E$ 
For the E§ gauge group theory we have the SCI 

j f tj^l. TT nLir(« fc ^^f;p,g)nLir(a fc (^) ±1 ;p,g) 

y TT UL i n-Sk(4zfz]Z)^;p, q ) " nl =1 T(s k (z^zfZ)^;p,q) 

iii< 5 n(4^]z)^ P , q ) 1 = 1 r ( (z 6 - 3 z 2 z)±^, g) ' [[)) 

where for convenience we denoted Z = (z\Ziz^z^z^)~ x and 

6 = 2^5 11 ( Sfc 5P,<z)- 

fe=l 
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The combinatorial factors appearing here are the same as, for example, the ones 
given in |21j . Similar to the .FVgroup case, we took the adjoint representation 
character given in the Appendix and replaced in it Zj — > z 2 (the same was done for 
the E7 and E% group cases considered below). 

The limit p = 0, s-2 = reduces (00]) to the integral 

r p=s 2 =0 = 1 (gjg)L f TT dz j TT (Z, 2 Z 3 2 ;q)oo 

* ~ 27345 (s 1 ;q)t U /J 2mzj J}^ ( Sl z^zf; qU 

( Sl (zlZ)^ q U i£ ll £8 (s 1 (zizfz]Z)^; q ) 00 1J (s^z^zfZ^qU^ ' 
which can be computed exactly [2Tj . 



,s 2 =o _ (qsi,qsj, qsl , gal, gsf , gs"; g) c 

-Ee I „2 5 „6 „8 „9 „12. \ 

V.*!) *1> *1j °\i *1) *1 ) Ijc 



1 E R — /2 .5 „6 „8 „9 .12. „\ ' V 4Z J 



For JV = 4 SYM theory with the £7 gauge group the SCI has the form 

. f {r Y\l^n^zf 2 {z]Z)^ ]P:q ) Ul =i n^ 2 zf;p, q ) 

E7 K7 i T7 /i T(zt 2 (z]Z)±i;p, q ) 11 r(,± 2 zf; P ,g) 



x 



ntir(s fc * 7 ±4 ;p,g) nLi r( Sfc z 7 ±2 z 2 z 2 z 2 z ; P , g ) ' dZj 

r(z^;p, q ) ^^ T(z^zfz]zfZ;p, q ) JUL 2*te, ' l j 



where we denoted Z = {zxZiZsZiZsZq) 1 and 



- "^.f ri^ 



fc=i 

The limit p = 0, S2 = reduces (|4^|) to the integral 

1 (gjgfc, /• A (ggCggg^oc n (^S ±2 ;9)c 

45 • 7 ( Si;<? )L V/J (s 1 zf 2 (z]Z)^; q ) 00 ^ 
(^ 4 ;«)oo n (zr a '$ZjZiZ\q)oo -^ ds,- 



j-p=s 2 =0 _ L W^qjoo / TT V^7 V-j^y >JU°° TT 

210345 • 7 ( Si;(Z )L V Al (^(z 2 ^;^ W <6 (aizt*z?;q) 



<i<j<6 
. 7 ;g)oo TT ( z 7 fi^jVg[g)oo TT "-; 

( S iz 7 ±4 ; 9)00 11 <K6 (siZ ± 2z 2,2,2 Z . q)oo 11 27ri , . > I ) 



l<i<j<l<6 y ' i~3"i "'""jri 

which can be evaluated exactly }21j . 

rP=S2 =o _ (ggi 1 ggi 1 ggi< g£i) gg} 1 , ggj 3 , ffSi 7 ; g)oo 

-E 7 / 2 6 „8 .10 ,12 ,14 ,18.,/, 

i, A ii *i) *i; A i :*i i A i :*i j y;oo 
Finally, the largest exceptional gauge group E$ theory has the SCI 

\dZi T-r ULin^(z?z]Z) ±1 -p, q )l\l =1 T( Sk Z ±, :;, ! r ! 

I ITS ^j /1 1 . , 1. \ \ . ; 

1 j=l ] l<i<j<& % 3 

l3 TV„ _±2„±2.„ „\ Tr3 



(45) 



' ' 11 27T1Z, ,11 r((W; M ) r(Z±i;p,g) l Dj 



x 



y-r nti IW ^f ;P>g) TT nLir(^(^M^ 2 ^z) ±1 ;p,g) 

i<M< 8 n*t 2 4 2 ^) ^J<L<s mf^ziz)^p, q) ■ 
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where Z = (z\Z2Z3Z4,Z5ZeZ7Zs)~ 1 and 

(p;p)L(g;g)L ttt^ n 

8 = 2 14 35527 11 F ( Sfc ^'«)- 
fe=i 

Again, the limit p = 0, s 2 = reduces PS)) to the integral 

2^35527 (si^^Asil 2^ 1 <y< 8 («i(^ 2 ^) ±1 ;9)cx> l ' 



X 



n ,v.^ : n 



<'" z±1; «>= ,<^<. («i=. ±2 =f^)~ ls ,</i<,„< 8 (».(=W*?*z) ± ';«). 



which can be evaluated exactly [21] . 

p=S2= o _ (ggli ggi, qsl 1 , qs\ 3 , qs\ 7 , qs{ 9 , qsf , ggf ; g)^ 

-Bs /-„2 „8 „12 14 .18 „20 „24 „30.„N ' I 48 / 

In all three integrals (j40|) . (l43l) . and (l46l) we assumed the restrictions \s k \ < 1, fc = 
1,2,3. As expected, ratios of their kernels to themselves with different integration 
variables yield totally elliptic hypergeometric terms. These integrals represent first 
known examples of elliptic hypergeometric integrals based on the exceptional root 
systems of -E-type. 



7. Some special J\f = 1 and J\f = 2 dualities 

Much attention is paid in this paper to supersymmctric theories with the excep- 
tional gauge groups. Therefore we would like to describe one more duality example 
for such theories known to us. We take N = 1 SYM theory with Eq gauge group 
and matter fields in the fundamental representation of SU(6) flavor group and in 
27-dimensional representation of Eq. 

This electric theory and its magnetic dual were suggested in [3S[ [33J and validity 
of this duality was discussed further in [33] . The electric SCI is 

T _ f TT I\t=i^(s k Ze 1 Zzfz]; P ,q)l\l =i r(s k Ze A ,s k Ze 1 Z; P ,q) 

A. i Jj< 5 n4 2 4 2 ;p>?) n(4z)^ P ,q) 

TT 1 Tr Uk=i r ( s k4 z t 2 , s kZ6 1Z ~ lz r 2 '>P><l) TT dz 3 

i<fi<5 n(4zfz^Z)^p, q ) l\ T(( Z( r 3 zfZ)^;p, q ) 11 27riV 

where \s k \ < 1, k — 1, . . . , 6, we denoted Z = (z^za^zs)^ 1 and 

(p;p)L(9;?)L 



K(i 



2 7 3 4 5 



The magnetic theory has chiral fields in the antifundamental representation of 
the flavor group and 27-dimensional representation of the gauge group. There are 
also singlet mesons given by the absolutely symmetric representation of the third 



1 
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rank of the flavor group. The magnetic SCI is 
6 6 „ 

i M = K6 l[r( s 3; P , q ) n n^ P , q ) II r^iz^zy-.j,^ 

X iii<5 r(z± 2 zf;p,g) T((4Z)^ iP ,q) 

where |sfc| < 1, fc = 1,...,6. The balancing condition for both elliptic hypergeo- 
metric integrals has the form S = ]X =1 s * = PI- 

We have checked that the ratio of these integral kernels yields a totally elliptic 
hypergeometric term, which is an important test suggesting that these dualities 
and the equality Ie — Im might be true. Interestingly, the limit sq — > 1 reduces 
the integrals to SCIs of peculiar Eg and F4 SYM theories dual to each other [33j . 

Finally, as an additional advertisement of the applications of the theory of elliptic 
hypergeometric integrals, we present SCI of a particular JV = 2 quiver SYM theory 
described in [35]. Define 

T (p;p)to(<i;q) 6 oo f dx f d v f tt dz o f dr f dw 



T 



n 



2irix J T 27riy J T 2 L J- 2ttizj J t 2-k'it J t 2t:'\w 



T{t 2 vx ±l ,t 2 vy ±2 , i^vz^zf 1 , t 2 vr ±2 , t 2 vw ±l ]p, q) 
Y{x ±1 ,y ±2 , zf-zf 1 , r ±2 , w ±:L ;p, q) 

X " 



r(4=» ±1 ,4=^ 1 ;i , '«) r (-7= a:±1 » ±1 '-7= r±lu,±1 5^*) 

\\/V y/V J \y/V \/V I 

l[T(^4\*^;p, q \ (51) 



x 



where t is the same parameter as in M = 4 theories before and v is the chemical 
potential associated with some combination of the C/(2)#-group commuting R- 
charges. Introducing the variables a 2 = Z1Z2, /3 2 = Z1/Z2, j 2 = x, and 6 2 = w, 
one can rewrite this integral as 



t {P^pfooili'ifoo f d l f d V f da f d P f dr f d8 

J-M = — " ■" 



64 J T 27ri7 Jt 2-7riy Jt 27ria Jt 2-7ri/3 Jt 27rir J T 2iri5 

r r(t 2 vj ±2 ,t 2 vy ±2 ,t 2 va ±2 ,t 2 v/3 ±2 i t 2 vr ±2 ,t 2 vS ±2 ;p, q) 
C r( 7 ± 2 , y± 2 , a ±2 , /? ±2 , r± 2 , <5 ±2 ;p, q) 

x r( -^W 1 , ■^=tf ±1 * ±1 r ±1 , -^a* 1 ^ 1 , -^r^a^^jp^ 

'U V« V« \/v 



(52) 



The identity /g = Im can be interpreted as the equality of SCIs for particular 
TV = 2 SYM generalized quiver theories (although it does not correspond to an 
intrinsic electric-magnetic duality). The "electric" part is an SO(3) x SP(2) x 
50(4) x SP{2) x S0(3) J\f = 2 SYM quiver and the "magnetic" part is the same 
theory rewritten as an SU(2) e -quiver, as illustrated in Fig. 9 of [55] , 
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Discussion 



In this paper we have described SCIs for Af = 4 SYM theories with simple gauge 
groups as elliptic hypergeometric integrals and analyzed some of their mathematical 
properties. For all classical simple gauge groups we have found particular limiting 
values of chemical potentials (p — > followed by the S2 — > limit and the hyperbolic 
limit followed by the ct2 — > oo limit) for which Af = 4 indices are computable exactly. 
According to the general ideology [6] [TO] [H] , exact computability of non-abelian 
gauge group SCIs is associated with the confinement in the dual phase of the theory, 
since it provides a group-theoretical representation of indices without local gauge 
group symmetry. Therefore we conclude that there should exist some interesting 
supersymmetric field theories similar to the Wess-Zumino model whose SCIs are 
described by the right-hand sides of equalities (HI]), CE]), ([24]), JH]), (|3T]) . (|34]h (|4"T]) . 
(|4"4"]) . and (|4"T)) . The hyperbolic analogs of these relations describe equalities of 3d 
partition functions of particular dual 3d Af = 2 and Af — 4 SYM theories. 

To our knowledge, hyperbolic beta integrals for exceptional groups were not 
considered in the literature. Analysing such exact integration formulas given in 
13, 24, 25, 27 and references therein, we conjecture that the hyperbolic analogs of 
all our exceptional gauge group q-beta integrals are obtained from them after the 
replacement of infinite products (q n s™z^; q)oo with m or I ^ by l/^ 2 \n(w\ + 
UI2) + ma.k + £uj\uj), the measure elements (q; q) 00 dzj /2ttizj by dv,j /i-Ju>iU>2, and 
T by the Mellin-Barnes integration contours. From the physical point of view this 
is equivalent to the conjecture on the particular structure of confining phases of 
corresponding 3d Af = 2 SYM theories with G2,F4,Eq,Et,Es gauge groups and 
one matter field in the adjoint representation. For ct\ = (u>i + UJ2) /^ this would 
yield vanishing partition functions for 3d Af — 4 pure SYM theories. 

One of the initial motivations for consideration of SCIs in [5] was an analysis 
of the AdS/CFT correspondence for Af = 4 SYM theory with U(N) gauge group 
which required consideration of the N — > 00 limit. In this limit, the original index 
coming from the BPS states not forming long multiplets can be computed from the 
dual spectrum of gravitons appearing in the Type IIB supergravity compactified 
on AdS§ x S . It would be interesting to understand the meaning of the reduction 
p — >• from the AdS/CFT point of view on the level of graviton spectra. All 
our p = S2 = indices for gauge groups of rank N are well defined in the limit 
N — > tx) for |si| < 1, being given by curious explicit infinite products. We expect 
that the p = S2 = limit corresponds to an essentially simplified picture for the 
corresponding gravitational duals for both finite and infinite N. 

In [36] [37] , marginal deformations of SCFTs were studied and the importance 
of global symmetries for the conformal manifold (a manifold of coupling constants 
of the theory where it stays conformal) is shown. A /3-deformation of the Af = 4 
SYM theory [3S] is obtained by introduction of a marginal deformation of the 
superpotential /iTr(e 17r ^$i<I > 2 < i ) 3 — e _17r ^$i ( I>3$2) breaking Af = 4 supersymmetry 
down to Af — 1 (h is the Yukawa coupling). The arbitrary parameter f3 may be 
complex and this does not spoil superconformal invariance of the theory [39 j . The 
initial i?-symmetry SU(4)r breaks to U(1)r with the additional global symme- 
try f/(l)i x 1/(1)2 38 . From the indices point of view the parameters v and w 
play now the role of chemical potentials for the latter global group. SCI for the 
/3-deformed theory is the same as in the initial theory 5 . This means that these 
theories share essentially the same set of BPS states. In the conclusion of [15j . 
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we discussed appearance of the SO(3) Af = 4 SYM theory from an Af = 1 model 
after a superpotential deformation, such that both theories share the same SCI. 
Actually, SCIs of all exactly marginally deformed theories coincide, only the inter- 
pretation of chemical potentials is different, being tied to global groups of different 
meaning. Therefore these indices serve as invariants of the conformal manifold 
with their structure reflecting only a part of the global symmetries preserved by 
the superpotential. 

As an example of different deformation of Af = 4 theories we can mention the 
deformation to Af = I SYM theory with two chiral superfields in the adjoint rep- 
resentation and an additional U(l) global group (see [40, and references therein). 
This theory has an SL(2, Z) group electric-magnetic duality inherited from Af = 4 
SYM theory in its infrared fixed point. At the level of SCIs such a deformation 
is realized in a very simple way, it is just necessary to fix, say, S3 = ^/pq, which 
excludes this parameter completely from the integrals. 

The q-beta integrals appearing from SCIs of all Af — 4 SYM theories in the limit 
p — > 0, S2 —t determine orthogonality measures for special cases of the Koorn- 
winder and Macdonald orthogonal polynomials (for Eq,Et, and Eg root systems 
these measures are generic [21)). We come thus to a natural question on whether 
one can give a similar meaning to general elliptic hypergeometric integrals describ- 
ing Af — 4 SCIs and construct corresponding biorthogonal functions. The first 
example of such biorthogonal functions in the univariate case has been found in 
[T2"] and a particular S'P(27V)-group multivariable generalization of them has been 
constructed in [TJ. For the exceptional root systems Af = 4 SCIs define the only 
currently known integrals pretending to such a role. 
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Appendix A. Characters of the adjoint representations 

Here we list characters of the adjoint representations for simple Lie groups G 
depending on the maximal torus variables Zj. 

For SU(N) group one has N variables Zj, Ylj=i z j = 1) an ^ 

Xsu(N),ady(zi,--.,z N )= ^2 {zizj 1 + z~ 1 z J ) + N -1. 

l<i<j<N 

For SO(2N + 1) group of rank N the character is (no constraints on Zj) 

N 

XSO(2N+l),adj(z) = Yl Z i Zlz t 1 + Yl Z t X + N ' 
l<i<j<N i=\ 

where z i z ■ := ZiZj + ZizJ + z~ Zj + zj zj and z i := Zi + z^ . 
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For SP(2N) and SO(2N) groups of rank N the characters are 

N 

XSP(2N)Mj( z ) = E Z ? lz t l + E Z t* + N > 
l<i<j<N i=l 

XSO(2N),adj( Z ) = X! ^ ±1 2 J ±1 +A r . 
l<i<j<N 

The character for the adjoint representation of G2 group is a symmetric poly- 
nomial of two parameters z\ and Z2, but it is convenient to introduce the third 
variable using relation Z1Z2Z3 = 1. Then, 

XG 2 ,adj(2l, 22, Z 3 ) = 2 + ^ zf^zf 1 . 
l<i<j<3 

The exceptional F4 group has rank four and 

4 

XF 4 ,ad7(2l,---,24) = E ^ + X! ^S^ 
i=l l<j<j<4 

, / 1/2 . -l/2w 1/2 . -l/2w 1/2 . -l/2w 1/2 . -l/2x . . 

+ (V +z x )(z 2 / +z 2 )(z 3 / +z 3 )(z 4 / +z 4 )+4. 

Description of the exceptional Lie groups i?6,7,8 can be found in |41j . The rank 
of the group Eq is equal to six and 

XE e ,ada{zi,-.-,Z^) =6+ X ^S^ 

l<i<j<5 
5 

+ Z 6 /2 n^ 1/2 ( 1+ E ZiZ J + 12 Z * Z J Z kZl 

i=l l<i<j<5 l<i<j<k<l<5 

+^ 3/2 fn /2 (i+ e (^-) _i + e (w^r 1 

i=l l<j<j'<5 l<i<j<fe</<5 

The rank of the group £7 is equal to seven and the needed character is 

XE 7 ,adj(zi, ...,z 7 ) = 7+ ^2 z t lz f X + z t 2 

i<i<j<e 

+ (- 7 + -f 1 )(n^ 1/2 E^ 1 +n-r 1/2 (E^+ E w 

(=1 i=l 1=1 i=l l<i<j<k<6 

The group Eg is the biggest exceptional Lie group, it has rank eight and 

8 

X£ 8 ,adj(zi,---,2 8 ) = 8+ Yl Z t lz f l +II^ rl/2 ( 1+ E ^ 

l<j<i<8 i=l l<i<j<8 

8 

+n^ l/2 ( i+ e (**i) _i + e (^i%»j) _i 

i=l l<«<i<8 l<i<i<fc<i<8 
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